NTd 26089

DEPARTMENT OF MATHEMATICS C R 3HATE
UNIVERSITY OF HOUSTON HOUSTON, TEXAS

2 N

COMMUTATIVE SEMIGROUPS OF
REAL AND COMPLEX MATRICES

BY D.R. BROWN APRIL 1974
REPORT #25

- /

—

PREPARED FOR 3
EARTH OBSERVATICN DIVISICN , JSC |
UNDER 5

CONTRACT NAS-9-12777

3801 CULLEN BLVD.
HOUSTON, TEXAS 77004

/



Report #25

COMMUTATIVE SEMIGROUPS OF REAL AND COMPLEX MATRICES
by

D.R. Brown

Mathematics Department

University of Heouston
April, 1974

NAS-9-12777 MOB 1S



Commutative Semlgroups of Real and Complex Matrices
by

D.R. Brown

Mathematics Department

University of Houston

Abstract

The computation of divergence is greatly simplified when the covariance
matrices to be anaiyzed admit a common dlagonalization, or even triangulation;
that is, when there exists an invertible matrix P such that, for each co-
variance matrix A under consideration, I’AP—1 is diagonal, or triangular.

In this report, sufficient conditions are given for such phenomena to
take place; the arguments cover both real and complex matrices, and are not
restricted to Hermétian or other special forms. Specifically, it is shown to
be sufficient that the matrices in question commute in order to admit a common
triangulation. Several results hold in the case that the matrices in question

form a closed and bounded set, rather than only in the finite case.
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COMMUTATIVE SEMIGROUPS OF REAL AND GOMPLEX MATRICES

BY

D.R. Brown

Commtative matrices have boen examined in detail; an excellent
bibliography of pertinent papers is given in [2:]. In this

chapter, using the Jordan form of a matrix and a theorem of
Kaplansky, it is first shown that any commutative semigroup of

nxn complex matrices is similar to a semigroup of lower

triangular matrices (matrices which are zero above the main diagonal).
Following this, commtative semigroups of real matrices are studied.

For a proof of the first theorem, see [ 1.].

1), Theorem (Kaplansky). Let S be a multiplicative semlgroup of
nxn mairices over a division ring, consisting of nilpotent
olements. Then S 1is similar to a semigroup of strictly lower
triangular matrices (matricas which are zero on and above the main

diagonal).

2). Lemma. Let A be an nxn complex matrix in Jordan form,

A = diagllyy, oo Aty Ay = Ay + N, vith each A , a scalar
and each Hii a lower triangular nilpotent having ones and zeros

on the first principal subdiagonal and zeros elgewhere, and

)\i # )\j if 1#3. Llet B= (Bij) be an nxn complex matrix
decomposed in the same dimsnsions as A, If AB = BA , then

Bij =0, 1 # 53 that &s, B 41s in super-diagonal form,

B = diag{Bll, cev s Bkk).



Proof: Fix i =p, J=q . Since AB =DA , it follows that

= Bogaq

= h -
)\kqu +N_B )\quq + B N__ , whence U‘p )\q)qu

PP Pq Pa qq

- N_B

Pp pq - Let qu=(bij)’ i=1, LE A S ] r ; j=1’ LN } 5 » and

= = o h
lat Npp (nij)’ qu (mij) By the prior equality,

(Ay - )\J)blj =By By s 3 <8, and (,\l - /\B)bls = 0 . Since

a\l # ’\a » By, =0, and honco blj =0, =1, easy 8 . Assume

.the first k - 1 rows of qu have been proved identically zero. Then
(Alc"aj)bks = 0, from which it follows that bkj 2 0,3 =1y esap 8 o

B =0,
Therefore bq

3). Theorem. If S is a commtative semigroup of nxn complex

matrices, then S is similar to a semigroup of lower triangular

matrices.

Proof. The theorem is proved by induction on the order of the matrices
composing S . If n =1, there is nothing to prove. Suppose the
theorem has been proved for semigroups ;ith matrices of order k <n ,
and let S be a commutative semigroup of nxn complex matrices.

If there exists A € S such that A has j > 1 distinct

elpgenvalues, then by 2} S ean be decomposed into super diagonal
form, § = diag{Sl, vees Sj}' Each S, 1is a commtative semigroup

of order less than n , hence is similar to a semigroup of lower
triangular matrices. Since the semigroups Sp,Sq, p#q are
independent of one another, it follows that S 4is similar to a

semigroup of lower triangular matrices.



It remains to dispose of the case in which each A ¢ S has a unique
elgonvalue. By referring to the Jordan form of A, it can be seen
that each A ¢ 5 decomposes into the sum of a scalar (the
eigenvalue of A ) and a nilpotent; A = A+ N . Let
o)’2_:{&1:;t‘cnvrsnome: AeS,)\eS(A),A= A+ N}, If M,Nc'n,
then MN = NM; for, let A= A+ N, B= X+ M. Then

/\O€+)\M+ O(N+NM=AB=BA=O()\ +)\M+ XN + MN, hence
MN = NM. Let '}7: be the semigroup generated by 7ﬂL. Since
elements of 7ﬂl conmite, 72: consists of nilpotent elements. Hence,
by . 1), there exists P such that E’}f?'l » and therefore
P??P"l, is in strictly lower triangular form. Finally, if
A= M+ NS, then PAP~L = A+ PNP"l, which is lower triangular.

-1

Hence PSP is lower triangular.

4);. Corollary. Let S be as in . 3). If there is an Aes

having n distinct eigenvalues, then S is similar to a semigroup

of diagonal matrices. If, furthermore, the matrices in S are real n‘
and A has a real spectrum, then S 4is similar to a semigroup of

real diagonal matrices.

Proof: The Jordan form of A 1is diagonal; by 2) it follows that
S can be diagonalized. The latter part of the corollary follows

from the fact that the Jordan form of A is real .

Note that a semigroup of nxn diagonal matrices is iseomorphic to
a subsemigroup of the Cartesian product ¢f n copies of the scalar
field under coordinate mltiplication. Sufficient conditions,

different from those in 4) for a semigroup of complex (real)



matricoes to be similar to a diagonal semigroup are now investigated,

5). Lemma. Let (&}, =1, ..., k be nxn complex (real)

idempotents sugh that EiEj = EjEi = Ei’ 13, rank E, = r{i) .

Then there oxists a complex (real) matrix P such that
PEPY = [I_,., 0 1=1 k.
i I'(i) » p weawgp
0 0

Proof: _Note if 4 <, then r(i) <r(j). The lomma is proved
by induction on n . If n= 1, there is nothing to prove. Asgume
the lemma has been proved for matrices of order less than n . As

remarked above, E, 1s the idempotent of maximal rank =r{k) in

k
the set {Ei}' Hence there exists a complex (real) matrix P
=1
such that PEkP = Ir(k) 0 « Since Ek is an identity
o} 0
for Ei ’ 5

0 0
X; is some r(k)Xr(k) submatrix. If r(k) <n, then the system

i
-1
PEiP

i=1, ..., k, it follows that PE P'l = ( Xi ¢ ) » Where

is isomorphic to a system of dimension less than n , and
the lemua is proved, otherwise, E = In s in which case the above
argument is applied to E .3 - Since r(k - 1) <n, the inductive
hypothesis can be applied to the system {Ei}’ 1=1, veey k=1, to

complate the proof of the leomma.

6). Corollary. Let S be a commutative semigroup of complex (real)
nxXn matrices with zerc El » Trank El = 8 ; identity Ek s
rank Ek =s+k-1l. Suppose, also, that S contains g systex of

k idempotents {Ei} as in  6) between Ey and E, wiﬁp



rank E, = s+ 1 -1. Then S is isomorphiec to a dlagonal

somigroup of (k - 1) X(k - 1} complox (real) matricea.

Proof: Let f be tho function defined by f£f(X) =X - E Xe¢S.,
It i3 clear that £ is an lscomorphism of § into the nxn

matrices such that rank f(Ei) =4i.-1l. Let P bo the matrix of 5)

such that Pf(Ei)P'l = Ii-l 0) . Now Pf(S)P'l has
0 C

tdentity (I, o) ; Honce 4f X ¢S, then Pr(X)Pr =[x o},
0 o 0o 0
whore X is a (k = 1)x(k - 1) submatrix. Since X' wmust commte
with Ii-l' i=1, «eey kK, it follows by direct computation that x'
must be diagonal. The details are omitted. The function £ and the

similarity generated by P are clearly continucus.

Note that, if S satisfies the hypotheses of 6) and is, in additioP!
compact, then the diagonal entries of S are bounded above in
modulus by 1 ., Hence, in the complex case, S 1s a subsemigroup of
the Cartesian.product of unit discs; in the real case, S 1is a
subsemlgroup of the Cartesian product of real intervals [-1,1]. If
S has stochastic entries, the full interval [-1, 1] may still be
realized, as is shown by the 2% 2 example x 1-x\ ,xe[0,1].
1 -x x )
7). Corollary. If S 1s a semigroup of nXn real matrices, and
if S5 has a zero E and an identity F whose ranks differ by one,
then S5 18 iseomorphic to a subsemigroup of the real numbers, and

hence commutative. If S 45 also connocted,then S contains the



convex arc between E and I,

Proof: In the argument establishing ) the commutativity is not
needed when there aro less than 3 idempotents in the chain., Hence S
4s isesomorphic to a semigroup of 1X1 roeal matrices, which are
essenFially the real numbers. If S 1is connected, then the
iseomorphic copy of S must contain the arc between (1) and (0).
Since the function £ and the similarity gonerated by P of  6)

are affine mappings, S must contain the convex arc from E to F .

If the ranks of E and F differ by more than one, then S need

not even be diagonal. Indeed, the mapping

£({x) = X 0 , x ¢ (0,11, £{0) = [ 00 is an
(~lnx)x x 00

iseomorphic imbedding of the unit interval demonstrating this fact.
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